Abstract Let V and W be matrices of size × and × , respectively. A necessary and sufficient condition is given for the existence of a triple (A B C ) such that V a -step reachability matrix of (A B) and W an -step observability matrix of (A C ).
Introduction
Let A ∈ K × , B ∈ K × , C ∈ K × be matrices over a field K . The matrix
is the -step reachability matrix associated to (A B), and
is the -step observability matrix associated to (A C ). These matrices are an important tool in linear systems theory (see e.g. [3] , [6] , [7] , [9] ). We are indebted to a referee for the remark that multi-step reachability and observability matrices can be related to partial realizations and for the references [10] , [4] . In this note we consider the following problem. Let V ∈ K × and W ∈ K × be given matrices. When is V a -step reachability matrix and W an -step observability matrix for some triple (A B C )?
The result
Our approach involves {1}-inverses and a common solution of a pair of matrix equations. If F ∈ K × then, according to the notation of [1] , we set F {1}
is said to be a {1}-inverse of F and denoted by F (1) . The following lemma is well known (see [1, p. 54 /55], [8, p. 49]).
Lemma 1.
have a common solution X ∈ K × if and only if each equation separately has a solution and
is a common solution of (2.1). Moreover, X 0 = DH (1) + F (1) C (I − HH (1) ).
for arbitrary Z ∈ K × .
Condition (2.2) can be traced back to a paper of Cecioni [2] . In the following theorem it appears in the form (2.7) and provides the required interlocking between reachability and observability matrices.
Theorem 2.
Let V ∈ K × and W ∈ K × be given, and let
be partitioned into blocks V ∈ K × and W ∈ K × , respectively. Set 
Pairs of -step reachability and -step observability matrices
Proof. ( 
. Then there exists a matrix A such that A = A = A if and only if each of the two matrix equations X V L = V U and W L X = W U is consistent and there exists a common solution. We apply Lemma 1(i) and conclude that the identity (2.7) is necessary and sufficient for the existence of a common solution X . Part (ii) follows from Lemma 1(ii) and (iii).
If we take W = 0 in Theorem 2 then we obtain the following. For the special case = 1 and = , and more detailed results involving companion matrices, we refer to [5] .
